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The product limit estima tor of the cumulative distribut ion function

and fa ilure rates i s calculate d from the data i n Ta b le I a s fo l lows :

Columns 1 and 3 are the same as column s 1 and 8 in Table 1 except that the

removal times are reordered along with their indexes. Column 2 is the re-

moval code useful here and in calculat i on of t he max imum li kel ih oo d

estimator. Column 4 is the product limit estimate of the perce n t  surviving

or tail cumulative distribution function at the time or age values in

column 3. The formula as given in Kap lan and Meier [ 4 J is

ii (N-r)/(N-r+l )
r

where N is the sample size 20 and the index r ranges from 1 to 20 tak in~g

~n onl y the values for inspection and usage removals in column 3. Column 5

i s the complement of column 4 , the product l imit estima tor of the cumulative

distribution function (5.2 ). Column 6 is the value of the fai lure rate

function assuming that it is constant during the interval . It is the log

of (N-r)/(N-r+l ) for intervals between engine removal age r and the next

subsequent engine removal. Column 7 is the cumulative failure rate function

at the age in column 3, which is also the natural logarithm of Column 4.

The product limi t estimator and the theoretical cumulative distribu-

tion functions are p lotted in f ig ure 4 and the ir corres pond i ng cumula tive

failure rates are in figure 5. For comparison of the product limit estimator

with the actuarial estimator of failure rates , the product limit e~tirna tor

of failure rates during each 40 hour age interva l must be calculated from

the cumulative fa i lure rate est imator . T he compar i son of product limit

estimator with the theoretical interval failure rates is shown in figure 6.

.5
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TABLE 4

PRO D UCT LIMIT CU I ULA TI V E FAILURE RATE FUNCT I 0~4

Column i 2 3 4 5 6 7
Number

Column Index Code Age j~(N — r ) / ( N - r + 1 ) FPL (t) r * R(t)
Name ______ r 1

Survi vor - .0

2 Usage 7 .947 .053 .054 .054

3 Usage 10 .895 .105 .057 .111

4 Usage 10 .842 .158 .061 .172

5 Survivor - .061 -

6 Usage 32 .786 .214 .069 .241

7 Survivor — .064 -

8 Usage 68 .726 .274 .080 .321

9 Usage 82 .665 .335 .087 .408

10 Usage 92 .605 .395 .095 .503

1 ’ Survi vor — .D95 -

12 Inspection 100 .537 .453 .118 .621

13 Inspection 100 .470 .530 .134 .755 .82

14 Survivor - .1 34 -

15 Usage 164 .392 .608 .182 .927 .93

16 Survivor  - .182 -

17 Max time 200 .294 .706 .288 1.225 1.73

18 Max time 200 .405 1.630

19 Max time 200 .693 2.32

20 Max time 200 0 1.0

*Fajlure rate function is assumed constant between observations of actual
removals.

I
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In comparison with actuarial failure rates in Figure 2,

the product limi t estimator is closer than the actuarial estimator to the

theoretical interva l failure rate except in intervals 1 and 5.

expected that this superiority will increase as sample size grows

because the product limi t estimator uses the actual values of removal times

and survivors ’ ages instead of l umping the time values into interval counts

exposures and removals.

It is very easy to calculate interval failure rates for any width

of age thtervals from the cumulative failure rate function in co l umn 8

or any cumulative failure rate function R(t), t > 0. If At ~S the desired

width of age i ntervaL then the interval failure rate here denoted as

RpLi is

RpLi = R(iAt) - R((i-i)At).

For exam pl e, in order to obtain the product lim it estimator of the failure

rate in interval 2, 40 to 80 hours , use linear interpolation between

usage removals at 33 and 68 hours to obtain R(4O) = .25 and between usage

removals at 68 and 82 hours to obtain R(80) = .38. (These va l ues were read

from figure 5). T he i nterva l fa i lure ra te RPL2 is the difference , .13.

The maximum likelihood estimators for the usage removal time cumulative

distribution function and the probabilit y of removal at inspection have

also been computed according to formulas in Appendix A. (The maximum

likel i hood estimato r of the removal time cumulative distribution function

regardless of whether it is an inspection or usage removal is the product

limi t estimator. ) The estimate of the probability of removal at the first

inspection is

= 
number removed at inspection = = 222

~ l number surviving to inspection 9
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(the theoretical value was 0.2) and the estimate of the usage removal time

cumula tive distribution function is equivalent to Figure 4 without the

jump at 100 hours . This i s plotte d a ga inst the theore t ical formula us ed

to generate usage removal times in Figure 7. The jump at 200 hours

represents the probability of survivi ng usage removal to max time .

A computer program for comparison of estimators on several bases has

been written. In the rema i nder of this sect i on , est imators are com pare d on

the basis of thei r cumulat i ve di stri bution funct ion . In Part II, Section 8,

estimators are compared on the basis of how well they predict replacement

requ i rements . The flow chart for computation of the maximum likelihood

estimators i s shown in Figure 8. In F ig ure 9 the ac tuar i al and product

lim it estimators are compa red with the theoretical distribution with three

inspections at 50, 1 00 and 150 hours . No surv i vors ’ ages were gen era ted

(no censorin g), but the rest of the p ro g ram genera ted da ta an d computed

est imators as was done earlier in this sec ti on . Figures 10 and 11 are the

maximum likel i hood estimators of the usage removal time cumulative dis-

tri bution function which was calculated from data generated from an

exponential usage r emo val time with mean 133.5 and inspection at 100 hours.

Figure 1 1 shows the estimator in the presence of some survivors ’ ages.

Figure 12 shows the cumulat ive fa i lure rate funct ion from fig ure 10

plotted along with the theoretical failure rate function. The slight lnw

side bias in all three fi gures is due to the fact that the simulated data

contained fewer usage removals than expected , not because of sys tema ti c

bias in the estimators. A best fit linear regression to the cumulative

• failure rate estimator plotted in Figure 12 gave a slope of .0070 and an

i nterce pt of - .0064 w i th an R2 value of .9966 indica ting the data almost

33
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certainl y come from a linear model for a cumulative failure rate  f u n c t i o n

which it did since the cumulative failure rate function for exponential

usage removal ages is linear.

I
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9. The Actuarial Poisson A pproximation to Spare Engine

Requirements and Other Anal ytical Approximations

It is not sufficien t for ennine management to predict onl y the n i)ected

number of engine replace ments that require repair or r eIu i l din q . The Air

Force must plan spares requirements to give a comfor tabl y high ;j r~~ha b il it 4’

of meeting mission requirements , usu a l l y 80- or 90 , i.e., tile ‘ I l A ~
-
~ )or of

spares must be sufficient to meet rep lace rent require ments 1f~ ti” ‘1 ,inq

hour program wi th probabil i ty .8 or .9. In orde r to deter r ino

numbers, the 80th and 90th precenti les of the ren1ace r- ’en~ re~ J ir 4 - - -n -
-

distribution must be estimated. The actuarial method contai n s a proced I~-

to do this. The simulation program can be easily revise d to nr~~i - ‘ -  r ose

esti mates. Other analytical approximations may be possible , perhap s com-

bined with si r -~ula tion . Each of these approaches will be described in th is

section -t nd the foundations for the Poisson aooroximation will be r~viewed

to sh4 w a potential improvement in its accuracy.

~i ria l method for estim ating safety stock levels in AFM 400-1

Cha~ - - r  -t [ 13 ] is based on the assumotion that derand for spare engines

ha- a Poisson distribution with rate parameter or expected demand per u n i t

c a l e nda r ~i”e equal to the rate that engines require repair or rebuilding.

(If there are fewer spares than will eventually he in repai - o~ are be ing

rebuilt, then some aircraft will not have engines.) The Safet-; Level Table

Figure 8-1 of AFM 400-1 is a table of the 90th perce ntile of a Poisson dis-

tribution for different values of its parameter. The Poisson assu m ption is

unlikely to be true exactly, but the conditions for use of a Poisson approxi-

mation may be near realization. Those conditions are (Co~ [ 12 1 Cnan t er f-):
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1 • T m - re are mnu ny S i  nul taml o) usly opera t j og or instal led engines , and

2 . rh~ d is t r - i t u t i o n  of the residua l calendar times from eng ine

ins ta l l a t i - : n to I’ l4~V l  is 5 ne -~r~e for all eng ines and those times

are iF f t I m l n t .

Cond i t ion  2 n m y  r e  v io la ted f or  mult ip le engine planes and it may also be

violated bec auce some engines arr not new at in- -ta ilation .

The condi t ions above should be tested if the Poisson approximation

for spare engine requirements is to be used . If the condit ions are

realized , then the Pc in approximation should be modified to take into

account the initial failure rate after installation. Unless the calendar

t u ~e between engine installation and removal is exponentially distributed ,

the initial failure rate can be used to improve the Poisson approximation.

(If the initial failure rate is hig her than average , more spares are

required . )

Meanwhile, the nex t event sim ulation of replacement requirements can

give all m t  sr -ra tion about the distribution of replacements including p
p ercentiles . For instance the 90th percentile of simulated replacement

requirements are obtainable from Figures 16 , 17, and 18 , and they are

shown in Table 7. They are obtained by reading the figures across from ii
the vertical axis at probability value 0.90 and reading down to the

horizonta l axis to obtain the value of en gine requirements that was not

exceeded in 90 of the simulation runs. The accuracy of this estimate could

be estimated Iro n- many repeated simulation runs.

II
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Another approximation to the number of repla cor iiemit r ej uir en - t~ i s

possible by an adaptation of the central limi t t he cj re - - . It is oo- .-,r t r d t

the number of replacements with new , i ndependent, id entical c oriot i - -ot s ha~

approximately a norma l distribution after a long time , r-Lg arat ess of tm

life distribution of the components (Cox Chapt .:r 3 [12 1). T~e cs m it r a l

limi t theorem is remarkably robust and w i ll tolerate some ~i ri at irn in tnt-

residual operating time distri bution of the components , (Li ’ruLer ~ Co n d i t ions ,

Gnedenko , Chapter 8 [23 J). This tolerance is probab l 1 Su f f ~ L I c i t  SO

that the normal approximation to replacement r e q u i re mne nt n  is still ade-

quate for engines even though some engines are not new at insta ll at ion .

This long time approximation could be combined with a simulati on to

determi ne replacement requi rements for the near future. Some additional

research is required here to develop the normal app roxi~lat ion . U
The temptation is always present to asc u ;-c a simrl e model ct cn~~r~~s

operation for convenience in predicting replace ment requ ir erent c . It

would also be desirable to incorpo rate ad ditional inf rrn a tion at 3 m

engine ’ s histor y into a model of eng ine operation to ot t a i m morr accur ate

prediction of remova l times and replacement requirements. ~~ V e d l  
- 

-

approaches are possible that should be e> lored.

1) Postulate tha t the failure rate function ~ the rr -

times (regardless of whe tr ier the removal is for re :-air

or rebuild) is of th~ formtm (Cox [ 1-1 1)

r(t) = r0(t)e
7

where Z is a row vector of conco niti - SImIL vi riab ifm ,-i t im  - -

F relation to engine age at removal and is a colum n \-c(tor

of constants. Likely conco mittant variables are t~ m number

of prior repairs arid the age at last  i n r t a l la t  ion .
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2) Pos tolate that the process causing combined rem ovals interacts

with an age dependent p r o b a b i l  i ty that determines whether

the engine is repaired or rebuilt. (Older engines are more

likely to be rebuilt than nearly new engines when removed.)

3) Postulate that the replacement requirements process is a

Markov process in operating time and that there is a known

random transformation from operating time to calendar time

which may depend on the Markov process. The number of re-

place m ents required is also a Markov renewa l process under

rather general conditions.

Each of these three postulated models has properties that make them

useful for differen t aspects of engine management. The first model is con-

venient to estimate and can be used to determine trends in the performance

of engines (Tarone [18]). The second model is convenie nt for determining

operat ing time between engine overhauls. The third model converts replace -

ment~ occurring in operating time to replacements in calendar time as a

function of the flying hour program and the rate at which each aircraft

contributes to the program .
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SECT 1o~ 3

REC 0MM[NE~AT I ONt

Recommendation_ 1: Do not smooth the ‘ crude ” actuarial failure rat c-t .

The smoothing procedure is a vesti ge of the life insurance industry

where there was no reason to assume human failure rates were not smooth.

The converse is true for engine failure rates due to component failure and

the high probability of removal at inspection . To smooth the failure

rates is to suppress the informati on most useful for engine dia gnosis and

for prediction of replacement requirements . Recommendation 1 can be adopted

imediately and will only reduce conmputation .

The actuarial method employs a linear extrapolation of ear li t r failu re

rates where data grows sparse and the actual data is not used . This data Cu ’

and should be used in calculation of the engine removal time distribut ic

and failure rates . Several recommendations to follow will use all data.

Even if none of them is adopted , it is still possible to get enough observa-

tions in each actuarial age interval to estimate meaningful failure ratet by

making some of the intervals larger. The ultimate extension of variable

actuarial age interva l estimators is the estimator with exactly one removal

per interval. Because this estimator, call ed the “product limit ’ estimator ,

was already available, no further study of actuarial type estima tors

was done. Unfortunately this estimator does not take into account the age of

engines at the beginning of some calendar period of operation , information

which now may be usefu l for some purposes. This leads to two reconmrnendations

for further development.

Recormiendation 2: Develop actuarial estimators with flexible age

intervals and modify the product limit estimator to take into account

engine ages at the beg inning of some period or their ages at the la tt- ,t

instal lat ion if they were instal led after ~he Lu~1 inning of the period .
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Recor mum iendatio n 3: Determine whether it is worthwhile to use the

additional information on ages for all actuarial purposes.

The estimator with one remm iova l per age int rval u -5es all engine operating

time info rrm’ ation , whether a remova l time or the age of a still operating

engine,to obtain the cumulative failure rates or the cumulative distribution

function of engine remm iova l times. This type of estimator also can provide

every infor umat ion product now computed from the actuarial failure rates ,

and the resulting products will usually be more accurate because the actual

removal time information is fully used . The product limi t estimator requires

more computation than the actuarial estimator . but the required computation

is well within the capability of current computers.

The second recommendation requires applied statistical researc h and the

third requires some testing. If the second recommendation is successful ,

there is no reason to pursue the thi rd . There is every reason to expect

success on the second recommendat ion because there are possible estimators

that exist or could easily be developed to use all the information now

available on engine ages and removal times . As part of this research contract ,

the maximum likelihood estimator for an engine removal time nmodel that

distinguishes usage, inspection and max time removals was derived for a

samp le of removal times and survivors ages . The derivation can be modified

to incorporate engine ages at the  beg inning of some calendar period or at

last installation. That is recommendation 4.

Rec ommendati o n 4: Derive the maximum likelihood estimator for the

removal time model with stat ist ical ly independent usage and inspection

removal times . Test whether t his model is appropriate for engine

remova ls.
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If the model is appropriate , an estimator u i l l be av u ilable tha t is

expected to be simpler to use than the produc t li m it est imn at - r , and it also

gives an estimate of usa ge remova l times , useful for engine diag r uatics

and for curve fitting attempts to identify a parametric model of ang inn u naqe

removal times .

One question that should be addressed by the actuarial statistical t — t

is - does the official failure rate reflect the performance of the current

population of engines? The answer is provided by comparing the da ta  set

from which the official failure rates were computed w~ t t  ~~~~~ ~~~~~ set con-

taining current engine removal data . The updating program submitted wi th

this report provide s a statistical ly valid imea sure that the two data setu

really came from the same population . It is designed to compare all past

data sets with current data on removal time s and survivors ’ ages .

Recormiiier.. tion 5: Adopt the engine removal data updat ing program

submi tted m ith this report to replace the current statist ical tet t for

changing the official failure rates age interva l by age inter v al.

This updating program does not use ages of engines at the be gin n in~ at

any period or at installation. A nm odific ation has been proac-sed t h a t  will

do this but it requires further development.

Recommendation 6: Develop the modified statistical t~vo samp le  ~i lc o c- ’

rank test to incorporate eng ine removal times, survivors ’ ages at the

end of the operating periods , and ages at the beg inning of the period or

at instal lat ion whichever is later.

The actuarial procedure for computing confidence limits for spare engine

requirements recognizes tha t demands do not always equal expeated demand , so

additional spares are required to keep the probability of runni nni out to an
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ic L np t Ihl e level m mc v the procedure is based on the assumption that

demands have a Po i sso n dist r ibut ion . This is true only under very special

conditions or when the number of operating engines is very large and all

repla crre m its are new . The Poisson assum uption should be revaluated with

two possibilities in  mind. First , the Poisson approximation may be strengthened

by a second order tern involving the initial failure rate . Second , the

normima l approximation nay be adapted to provide a better estimate of engine

requirements after the engines have been in use for some time . T hese

observations lea c to reconiiiendation 7.

Recommendation 7: Revaluate the spare engine requirements computation

now ba sed on the assumption of a Poisson demand distribution.

Other data related to engine remova l times is available and should be

used to o b t a i n  more accura te est i ma tes of en gi ne removal ti mes an d

consequently of replacement requirements; data such as sorties , en gi ne cycles ,

prior repairs , X—ra y and chemical analyses. Development and testing of more

comprehensive statistical estimators is necessary for significant improvement

beyond the expected improvement from ecomnmendations 1-6.

Recommendation 8: Support the research necessary to develop more

comprehensive estimators of eng i ne removal ti mes .

Presently, simulation is the only stati stically valid way to estimate

engine requirements. The simulation program now used to predict engine

requirements simulates each engine through each actuarial age interval.

The result is a t i me consum i ng program wh ich g ives onl y an est imate of

expected replacement requirements but no confidence l imits and no ind ica t ion

of the accuracy of the requirements estimate . The next event method can

s imulate fleet opera t i on many times and obtain informa ti on on conf id ence

limi ts , accurac y of estimates , an d even es t ima tes of when engine removals
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will occur. The method can be used whether actuarial failure -utes

used or the product limit estimator of recom men datio n 2 is used.

Recominiendation 9: Change the simn ulati un program for re p l a cement

requirements from an interval by interval simnu la tion to a nett e-~’ - ’ t

type simulation.

The program prepared for this report conta im. Us - n o o d  it-n t s

accura te simulation of engine removals but does not ma ke any pre~erlss o f

accurately representing the repair and rebuilding of ert~ines . t
This has already been done in the ‘L’~ program developed dt PP tn .

Recommendation 10: Combine the next ever lt type si m ulation ut L f le

engine removals and the JEMS program simulating repair am ~ 1 rebui ldi sq.

This will have to be done in close cooperation with AFLC Lccam~~ of t u c i r

thorough knowl edge of the repair rocess for eng in e s.

The resulting program is likel y to be the largest proJ -u i that c a m he

handled in a reasonabl e amount of computer time . There is still a nced for

more accurate and more conveni ent methods to predict replacement rep-u i re m - e tS .

A normal approximation conditioned on tie ages of the present s:u -~ o~

eng ines should be developed for estimati ng eng ine repuirem ents .

Reconimendation il : Support the research and deve lop emi t necessary

for a simulation of rhort term engine requirements combined mi th a

long term estimate based on a no rmal approximation .
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SECTION 1

INTRODUCTION

The u l t imate  object ive is to derive the maximum likelihood estimator

of the cumulative distribution function (c.d.f.) of engine removal times

from a progressively censored sample. The c . d . t .  is assumed to be of

the form

( i ( t )
F ( t )  = l—F1(t) ~ II (l—p 1 ) 

~
, (1)

~ 
i=l 3

where F
1
(t) is the tail c . d . f .  of another non—singular c .d . t .  possibly

trunca ted and represen ting usage removals , and the p. are the unconditional

probabilities of removal at the ~
th 

inspection time (fixed) where i(t) is

the index of last inspection prior to or at time t. Throughout this deriva-

tion t ime is measured in f lying hours , not calendar time. Progressive

censoring occurs because estimation of the c.d.t. takes place at f ixed

calendar times , and in addition to data on the f ly ing  hours at removal

of engines that have been rep laced , the curren t accumula ted f lying hours

of installed engines tha t  have not yet been removed is also known .

The p lan of th is  derivation is in three stages. First , for  the

sake of review , the empirical distribution function for an ordered random

sample of eng ine removal times T1 < T 2 < . .. < TN

so

- -;.. =i
~~~~ ~~~~~~~~~~~~~~~ :T~~~T~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - ~5~~~~i ~~~~~~~5-5 -5~~~-5 __
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0 t < T

F ( t ) = i/N T1 < t < T1~.1 
(2 )

1 t > T~

will be derived by the me thod of maximum likelihood . Then the maximum

likelihood est ima tors of F1(t) and the p~, j = 1, 2,..., k, will be

derived for an uncensored samp le of eng ine removal times. Substitution

of those estimators into the c .d.f. (1) yields the empirical distribution

f unc t ion as an E.,ciinate of the model (1) but wi th addi t iona l informa tion

about usage removals and inspection removals. Last , the maximum likelihood

est imatorsof F1(t) and the P~ are derived from a progressively censored

sample. Subs titution into (1) yields the “prod uct limi t” es t imator of

Kaplan and Meier [1].

1
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I ~-m[M I .E KI -;I. i mmli )  DER !  V.-\ F IO N OF

F I lE ~-D’lI’tRI CM. DIST IBU-flOli FUNCTION

Given an ordered random sample from an arbitrary c.d .f ., it is

frequentt y assumed that the mass of the estimator will he placed only

it observed data in t h e sample. Then the likelihood function of the

samp le is the product of masses f ., i=l ,2 ,...,N , at the data values

t
i -~~ t 2 .~~. .~~5 t t,~

N
L( t 1,. . . ,t~ , F(t)) = IT f .

i=l

and the masses are subject to the constraints of non—negativity anu

N
~ f . = l

11=1

so that the estimator of F(t) is a c.d.f. The values of f . that

maximize the likelihood function are all equal to 1/N. This can be

verified by the Lagrange multiplier method or by substitution of the

cons traint

N-l
E N _ l Z  f 1

i=1

into the likelihood func t ion  and se t t ing  der ivat ives  of the log l ikelihood

function with respect to f 1 equal to zero ,

N—l N-l
~ log L = ~ { 1 log f~ + log ( 1— 1 f~ ) }
(I f 1. (I f 1 i =1 i =1

82

- 

=~~~~~~~~~~~~~~~~~~~~~~ 5--5~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 5-~~~~~~~~~-5 ----- 5-- --~~~----5-4- --4---- -- - 5 -  i~~~~~~~~~~i A



- -  
~~~~~~~~~~~~~~~~~~~ 

5 
__

~ 
_~~~~5__~~~-5 -- 5-~ ~~~~~~~~~~~~~~~~~~~ __~_~-5_ ~~~~~~~~~~~ .55- _

~•UII~~

or

(I logL 1 
— 

1
(If f N—iI I 1—:: f

j = l

which gives

N—i
1 —  E f

j =l

for all i=1,2,... ,N—1. Therefore , all such f1. 
are equal to i /N .

This gives the familiar step function that jumps only at observed engine

removal times .

For example , suppose there are five observations at times 10, 15 ,

25 , 50 and 100. The empirical c.d .f. is shown in Figure 1.

F
5
(t)

1.0 — —  -- __________

.8

.6

.4

.2

o - -, I- I
25 50 75 100 125 time

Figure 1. The Empirical c.d .f.

The properties of the empirical c.d.f. as an estimator are well known ;

Gnedenko 2 shows the strong consistency of the estimator.
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MAN I ~E ’M L I K E L I  11000 D E R I  V A I  I IN

OF TIlE FU LL SAMPLE ESTIMAT OR

The engine removal times T1,. .. ,T~ in the sample are assumed to

be independent and identicall y distributed according to F(t), (1). In

addition , the engine removal code specifies whether the removal was

during usage , at inspection , or at maximum time . Define the following

sequences:

the number of removals at the jth inspection and

tmax~ 
j=i,2,. .. ,k+l; (t

the number of usage removals between the (j—l)st and the

j t h  inspection ;

[M .}, the cumulative number of usage removals ,

M . 1 m~ , j=l ,2,...,k+l ;
1=1 1

the sequence of usage removal times, i 1 ,2,... ,Mk+l ; and

inspection times and t
.1 max

These sequences turn out to be sufficient statistics. The sample

size N can be expressed in terms of usage removals , inspection

removals and maximum times removals as

k+l
N = M k+l + Z n .

84
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The l ikel ihood f unct ion f or the samp le information is

~k+l1 
i (t~ ) 1 k r j—1 

~1 
n~

l f i (t.) IT (i—p .) I ‘I ( p.  II (i—p .) (l—F 1 (t~~)) 1
i=i L ~ 

~=i ~ J j = i  L ~ i=i 1 
~ j

~~
l_ F l( t max ~ 

~~ i 
( l_ ~~~)~~

] 

k+ l (~

with f1(t1) denoting the density of F1
( t) ,  discrete or continuous,at t . ,

— = t —c for small c>0, and the notation j(t .) is used tomax max 1

indicate the index of the last inspection prior to the usage remova l

at t ±. The first term of the likelihood function is the probability

of the usage removals, the second term is the probability of inspection

removals , and the last is the probab ility of all the surv ival s to

t . C is a combinatorial constant.max

In order to make the likelihood function positive , all of the

f
1
(t
~
) should be positive, and to maximize it , l—F1(t) and

l_F
t(tmax

) should be as l a r ge as possible consistent with the constraints

on the distribution function F(t); F(0 )=0, F(a) 1, and F(t) non—

decreasing in t. As in the maximum likelihood derivation of the

emp irical distribution function , all the mass of F1(~) should be p lac ed

at the observations {t1} and tmax .

Then

N .
l—F 1(t ’) = 1 — ~~~~ f

1
( t .)

3 i=l 
1
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and

i-F (t ) = l —  
I~~ I 

~ 
( t .)

i max i=1 1 1

However , not all of the jumps in F1
(~ ) will be of the same size 

as in

the emp irical distribution function. The derivative of the natural

logarithm of the likelihood function with respect to f1(t1) gives

(I l g  L/~ f(t.) 
= l/f1(t.) 

— f 1(t~ )I {l - N~ f1(t 1) 
}

f or all l=M~_~ + 1,. ,M . ,  j 1 ,2,.. . ,k+l. This indicates that the

maximum likelihood estimators of the jumps will be the same in

intervals before the first inspection , between inspections , and after

the last inspection. These jump sizes will be denoted by f1,f2,.

The likelihood function mow simp il lie-s to

k±~ r i—i 1 ~I 
- 

~I k+l r j 1  j -I fl.
11 f 1 IT (l-~~~) ~ i-i 11 II (l-p 1)~~ 1 - Z f1 (M 1

_M i_l )] 
~ C

i=l L j= l  J j = l  L ~ i=l i=l

where 
~k+l 

= 1. The log likelihood function is

k+l i— i
E (M 1—M~~1)fln f1 + E in(l—p.)} +

1=1 j=l -~

k+l j—l j
+ N nj  

{ in  p .  + 
•
E ln(l—p 1) + ln(l— . 

M
1
M
~~ i

) f 1) 
} + in C

i=l i=l

Take the derivative of the log likelihood functiun with respect

to p. and set it equal to zero , j=l ,2,. . . ,k ,
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k+l i 
~j k+l

~ (M~ —M 1 1) ( 1
L~~ ) + — — E 

~~

— = 0

~ P j  i j+l j rj  i=j+l j

Remove the l—p . terms from the summations to obtain

k+l
— = 1-~

-—
~
— ~ (M 1—M

~ _ i  + ni)p
i 3 i j+l

or

k+i
n . p 3 

(M k÷l
_ M

l
+ ~ n . }

13

This gives the maximum likelihood estimator

= n1/ {Mk÷l 
— M~ + ~~ n~~}

13

which may be rewri t ten as

j — i
= n~ l ~N_M~

_ 
~ n1} j=i,2,.. . ,k

i=l

where the denominator is the number of survivors to the j t h  inspection .

~~~

_ _
:- Thus p~ 

is simp ly the proportion of survivors removed at the j t h  inspection .

Take the der iva tive of the log likelihood function with respec t

to f~ and set it equal to zero , i l ,2,. . . , k+l ,

(I ln L 1 k+l n (M.-M .
- -f - - -  ~ (M .-M.

1
)~~~ - 

h~i 

h i  =

• Divide out (M1—M1_1) to obtain the general relation 
for the maximum

likelihood estimators of
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